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The asymptotic nature of the analytic spread n In this paper we shall improve this by showing that the number min depth (R/I n ) may be replaced by the asymptotic value of depth (R/I n ) for large n (which exists) (see Section (2) ). By its definition (see (6) , def. 3)) the analytic spread is of asymptotic nature, i.e. depends on the modules I n /ml n = U n only for large n. We shall prove a stronger result, Section (4), which also shows the asymptotic nature of 1 (1) . This result might be interesting for itself, particularly as it is not of local nature. Once Section (4) is proved and once we know that depth (R/I n ) is asymptotically constant (which turns out to be an easy consequence of (l), (1)), our improved inequality is easily established: Indeed, replacing R by R/xR where x is regular with respect to almost all modules R/I n , we perform a change which affects only finitely many of the modules U n (see Section (8) ).
In Section (12) we give a result which relates the depths of the .R-modules /"-i//» and R/I n . Namely, if R is Cohen-Macaulay, and iiht(I) > 0, these two values coincide asymptotically.
As an application we shall give another proof (and slight improvement) of a criterion for local complete intersections, due to Vogel-Achilles (7), which, in its turn, improves a corresponding result of Cowsik and Nori (4), p. 219.
We intend to make our results as general as possible, in particular to show that the arguments we use are not confined to local rings. So, unlike Burch, we shall not use completions or Nakayama's lemma. On the other hand, to keep the paper selfcontained, we reproduce some arguments which may be known to the reader familiar with the subject.
Let R be a noetherian ring, and let / , J £ R be ideals. Then by the Rees ring of /, we mean the graded R algebra 
n->-<o
If h M = 0, we have ,
for infinitely many n, where
is stable for large n, and so we see that gr j (M/I n M) = 0 for sufficiently large n. If h M > 0, use the same stability argument to show that there is an x e J which lies outside U p for sufficiently large n. Then we clearly have, withM = M/xM,
so (i) follows by induction. Now we prove (ii) by induction on gj(I, M) = c. So let c = 0. Then, obviously, anng(lif) = 0 a n n B ( i f ) n I n , which shows that .S/anng (M) is isomorphic to the Rees-ring R oi IR where
R = R/&xm R (M).

So we get lj(I, M) < dim (R/JR).
But on the other hand, it is easy to see that
As dim (R) = dim fi (M) we are done in the first case. Note that, in the second case, Note the following obvious fact. Now we complete the proof of (2). As c = gj(I,M) > 0 (by our assumption) the asymptotic stability of A(n) shows that there is an xeJ which is regular with respect to M/I n M for all sufficiently large n. Now there is a canonical homomorphism of graded /2-modules
M* -t (M/xM)*,
given in degree n by the canonical maps
We claim that <f> is a quasiisomorphism, i.e. that (8) <j> n is an isomorphism for all large n. Indeed, we have the canonical isomorphisms As / £ </, it is clear that any minimal prime divisor of M containing J would belong to A(n) for all sufficiently large n. This shows that x moreover may be chosen outside of all minimal prime divisors of M, hence that
But, as by induction, we have 
M) takes a constant value g~j{I, M)for all sufficiently large n, which satisfies the inequality gj(I, M) ^ (jj(I, M). (ii) / / / £ J, gr 7 (M) > 0, and gTj (M) = ht (J/&nn(M)), we have equality in (i).
Proof, ( Proof, (i) => (ii) is an immediate consequence of (12). (15) Let R and / be as in (14). Then / is generated by h elements if and only if 1(1) < h.
(16) Remark. Cowsik and Nori give a slightly more special form of (15). The above statement is given in (5), p. 179.
Finally, note that Section (14) generalizes a part of (2), , where only the case h = dim (R) -1 was treated.
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